Introduction
During peritoneal dialysis solutes and water are transported across the peritoneum, a thin "membrane" lining the abdominal and pelvic cavities. Dialysis fluid containing an "osmotic agent", usually glucose, is infused into the peritoneal space, and solutes and water pass from the blood into the dialysate (and vice versa). The complex physiological mechanisms of fluid and solute transport between blood and peritoneal dialysate are of crucial importance for the efficiency of this treatment (Flessner, 1991; Lysaght &Farrell, 1989) . The major transport barrier is the capillary endothelium, which contains various types of pores. Capillaries are distributed in the tissue. Across the capillary walls, mainly diffusive transport of small solutes between blood and dialysate occurs. As the osmotic agent creates a high osmotic pressure in the dialysis fluid -exceeding substantially the osmotic pressure of blood -water is transported by osmosis from blood to dialysate and removed from the patient with spent dialysis fluid. At the same time the difference in hydrostatic pressures between dialysate (high hydrostatic pressure) and peritoneal tissue interstitium (lower hydrostatic pressure) causes water to be transported from dialysate to blood. In addition, there is a continuous lymphatic transport from dialysate and peritoneal tissue interstitium to blood. In this chapter a brief characteristic of the two most popular simple models describing transport of fluid and solutes between dialysate and blood during peritoneal dialysis is presented with the focus on their application and techniques for estimation of parameters which may be used to analyze clinically available data on peritoneal transport.
where z M is mass and z C concentration of the volume marker. After integration, Eqn (1) can be presented in the following form: 
where 0 t and end t denoted the time of the beginning and the end of a peritoneal dialysis dwell, respectively (therefore M t , can be calculated knowing dialysate volume and marker concentration at the end of dialysis. It must be also remembered that dialysate volume at the end of dialysis is a sum of the volume removed and the residual volume remaining in the peritoneal cavity, which may be calculated using a short (5 min) rinse dwell just after the end of the dialysis session:
  
where V res is the sought residual volume, V rins is the rinse volume, 
Thus, as the other terms in this equation are known, K E can be calculated from Eqn (2) as follows:
Thereafter, knowing K E and having data concerning marker concentration changes during the session (measured as a radioactivity), using Eqn (2) written not for duration of dialysis, 
It is worth noting that the first part of the right hand side of Eqn (6) is the formula for calculation of dialysate volume using dilution of the volume marker without marker absorption taken into account. The second part is the correction for marker absorption (Figure 2 ).
Description of fluid transport in peritoneal dialysis
For low molecular weight osmotic agents, as glucose or amino acids, the value of osmotically induced ultrafiltration flow, Q U , is proportional to the difference of osmotic pressure between dialysate and blood, DB   (Waniewski et al., 1996b) . The coefficient of proportionality, os a , is called osmotic conductance. The mass balance equation for fluid is then as follows (Chen et al., 1991) :
where: Q V is the net rate of peritoneal dialysate volume change, Q U i s t h e r a t e o f ultrafiltration flow ( (ΠΠ ) As shown in Figure 2 , the osmotic model underestimates dialysate volume during the first phase of dialysis dwell. This is the result of the assumption that osmotic conductance is constant that generally is only a simplification (Stachowska-Pietka et al., 2010; Waniewski et al., 1996a) . The fluid transport may be also described by a simple phenomenological formula proposed by Pyle et al. (Figure 3 shows example of patient with ultrafiltration failure defined as net ultrafiltration volume at 4 hour of the dwell less than 400 ml), and applied also by other investigators (Stelin &Rippe, 1990 
Transport of low molecular solutes in peritoneal dialysis
Analysis of transport of low molecular weight solutes, such as urea, creatinine or glucose, from blood to dialysate (or in opposite direction) is of special importance in the evaluation of the quality of dialysis (Lysaght &Farrell, 1989; Waniewski et al., 1995) . One of the methods used for assessment of the transport barrier between blood and dialysate is application of the so-called thermodynamic transport parameters. For the estimation of these parameters there is a need for frequent measurement of dialysate volume (i.e. volume marker concentration) during dialysis as well as concentrations of other solutes in the dialysate and blood, and then calculation of the rate of solutes mass change caused by their transport from blood to dialysate (or in opposite direction). Solute transport occurs in three ways: a) diffusion of solute caused by the differences in solute's concentration in dialysate and blood; b) convective transport with fluid flow from blood to dialysate (ultrafiltration); c) convective transport with fluid absorbed from dialysate to the subperitoneal tissue and lymphatic vessels (absorption). In the description of these processes it is assumed that generation of solutes in the subperitoneal tissue and peritoneal cavity as well as the interaction between solutes are negligibly small. All of these transport components are governed by specific forces (often described as thermodynamic forces) the effects of which, measured as a rate of solute flow, depends not 6 only on the value of the force, but also on transport parameters characterizing the environment in which the solute transport occurs. Thus, the rate of diffusive solute transport is proportional to the difference of solute's concentration between blood and dialysate, BD CC  , with the rate coefficient K BD , called diffusive mass transport coefficient.
The other two transport components are convective. The fluid flux, caused by the difference of osmotic pressures and the difference of hydrostatic pressures, carries solutes across the membrane characterized by its sieving coefficient. Sieving coefficient, S, determines the selectivity of this process: a sieving coefficient of 1 indicates an unrestricted solute transport while for S equal 0 there is no transport. Note also, that for a given membrane each solute has its specific sieving coefficient. Therefore, for the second transport component, the rate of convective flow is proportional to the rate of water flow (ultrafiltration), Q U , to the average solute concentration in blood and dialysate C R , and to sieving coefficient S. For the membrane model of peritoneal tissue C R is expressed as follows:
(1 ) ,
where B C and D C are concentrations in blood plasma and dialysate, respectively, and F is:
where Pe is Peclet number which is the ratio of terms characterizing the convective and diffusive transport:
In clinical investigations it has been demonstrated that for low molecular weight solutes it can be assumed that 0.5 F  and for proteins 1.
F 
The illustration of this estimation of F can be done using clinical data concerning the dwell study with 1.36% glucose solution published in (Olszowska et al., 2007) . In this paper the values of K BD for small solutes were found to be between 8 ml/min (glucose) and 25 ml/min (urea) and S of 0.68. Using these data it is possible to calculate F, yielding the values between 0.46 (for K BD = 8 ml/min) and 0.65 (for K BD = 25 ml/min). For the third component, the rate of solutes absorption is proportional to the rate of fluid absorption rate, Q A , and the solute concentration in dialysate. In this case the sieving coefficient is taken as equal to one. It is justified by experimental investigations in which no sieving effect (even for proteins) was demonstrated. The total solute flow between blood and dialysate is the sum of all the described components. Thus, using the thermodynamic description, the following mass balance equation can be written (Waniewski et al., 1995) :
In this equation there are two transport coefficients: diffusive mass transport coefficient, K BD , and sieving coefficient, S, which characterize membrane properties of peritoneal tissue. All other variables in Eqn (12) can be measured or calculated from the measured values. In principle Eqn (12) can be used for estimation of S and K BD . For practical reasons (decrease of the impact of measurement errors on parameters estimation) it is better to use Eqn (12) in its integral form (Waniewski et al., 1995) :
where the bar above symbols denotes averaged values for the time period from t 0 to t and 0 ttt   . The parameters K BD and S can be estimated from Eqn (13) 
The estimated values of K BD are typically positive, but the limitations for S are often violated in experimental investigations (Waniewski et al., 1996d) , as for the case depicted in Figure 4 .
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The reason for the problem with estimation of S is the assumption used in the estimation procedure that the transport parameters (K BD and S) are constant during the whole dwell time (Imholz et al., 1994; Krediet et al., 2000; Waniewski et al., 1996c) . Additionally, in normal condition of peritoneal dialysis the convective transport is much smaller than the diffusive one. In experimental conditions this problem can be overcome by choosing the concentration of the investigated solute in dialysate close to that in blood. In this way the diffusive transport component is substantially decreased and is similar to the convective component. In these conditions application of two-dimensional linear regression results in estimation of K BD and S which are within the theoretical limits. The other advantages of this approach is the possibility of simplification of expression for convective transport in which the average value of substance concentration C R can be substituted with solute blood plasma concentration and in this way, the problem of estimation of F can be eliminated.
Parameter estimation: An example
In the paper by Olszowska et al (Olszowska et al., 2007) , data from a clinical study on dwells lasting 4 hours with glucose based (1.36%) and amino acids based (1.1%) solutions in 20 clinically stable patients on peritoneal dialysis are presented. With frequent sampling of dialysate, three samples of blood and with dialysate volume and fluid absorption rate obtained using macromolecular volume marker (RISA, radioiodinated serum albumin) it was possible to apply Eqn (13) and two-dimensional linear regression for estimation of diffusive mass transport coefficient, K BD , and sieving coefficient, S, for glucose, potassium, creatinine, urea and total protein. The results demonstrate slightly higher values of K BD obtained for dwells with amino acid solution as compared with glucose based solution (e.g. for glucose K BD = 8.3 ml/min, S = 0.62 vs. K BD 8.1 ml/min, S = 0.21 and for urea K BD = 28.2 ml/min, S = 0.48 vs. K BD 25.3 ml/min, S = 0.39). It seems that the amino acid based solution exerts a specific impact on peritoneal tissue which causes slight increases of diffusive and convective transport. It is worth to note that, for substances specified above, values of K BD and S, estimated using two-dimensional linear regression, were in acceptable range (K BD >0, 0S1). However, for amino acids themselves estimation of S failed and the estimation of K BD was performed with assumption that for these solutes S was 0.55 and therefore one-dimensional linear regression was applied. In this condition the estimated averaged values of K BD for essential amino acids was 10.320.51 ml/min and for nonessential amino acids was 10.61.33 ml/min. Similar results was also described in (Douma et al., 1996) . In contrast to this assumption, the estimation of parameters performed for shorter periods of time demonstrated that estimated parameters have higher values at the beginning of the dwells than at the end (Waniewski, 2004) , and it was proposed that the parameters values estimated for dwell time change with time as described by the function
(t is time in minutes). A more detailed evaluation of this variability (vasoactive effect) can be found in (Imholz et al., 1994; Waniewski, 2004; Douma et al., 1996) .
Pore representation of peritoneal transport barrier
In the membrane model of the peritoneal barrier, no structure of this barrier is considered. It is simply assumed that blood and dialysate are separated by a semipermeable membrane and that the transport phenomena can be described using the thermodynamic theory of the transport processes. The pore model is more complex and derived from the field of capillary 9 physiology. The basic idea of this model is the assumption that the capillary wall in the subperitoneal tissue is heteroporous and that the transport through the pores may be evaluated using the hydrodynamic theory of transport along a cylindrical pipe (Deen, 1987) which describes how much the solute and fluid transport is affected due to presence of the pores comparing to a uniform, semipermeable membrane. In 1987, Rippe et al proposed the so-called two-pore model to describe solute and fluid transport during peritoneal dialysis (Rippe &Haraldsson, 1987; Rippe &Stelin, 1989; Rippe et al., 1991b; Rippe &Haraldsson, 1994) . According to this model, the membrane is heteroporous with two size of pores: large pores (radius 250 Å), and small pores (radius 43 Å). A large number of small pores makes the membrane permeable to most small solutes, whereas a very small number of large pores allows for the transport of macromolecules (proteins) from blood to peritoneal cavity. However, this model could not describe the phenomenon of sieving of small solutes, such as sodium, for which one observes a marked decline of dialysate concentration, reflecting a water-only (free of solutes) pathway. After discovery of the existence of aquaporins, the model was extended with a third type of pore, the ultrasmall pore, allowing an accurate description of the low sieving coefficients of small solutes ( Figure 5 ). As it has been shown by Ni et al. (Ni et al., 2006 ) the ultrasmall pores are an analog of aquaporin-1 in endothelial cells of peritoneal capillaries and venules. 
Three-pore model
According to the three-pore model (Figure 5 ), the change of the peritoneal volume (V D ) depends on the sum of the fluid flows through the three types of pores ( Vpore J , pore: uultrasmall, s -small, l -large) and the peritoneal lymph flow, L, (Rippe &Levin, 2000) . Thus (Rippe &Stelin, 1989; Rippe et al., 1991a; Rippe et al., 1991b; Rippe &Levin, 2000) :
and Vpore J is governed by the hydrostatic and osmotic pressures as follows (Rippe &Levin, 2000) : 
where: PS solute,pore is a solute permeability surface area for the specific type of pore, solute C is the mean membrane solute concentration, ,, 
compare to Eqns (9)-(12). Note that , 1 solute pore σ  is sieving coefficient for these particular pore and solute. In the previous approach based on the membrane model, there were two transport coefficients: diffusive mass transport coefficient (K BD ) and sieving coefficient (S) which both characterize membrane properties of peritoneal tissue and can be estimated from clinical or experimental data. The analogues of these parameters in the three-pore model are, respectively, the permeability surface area coefficient (PS solute,pore ) and the solute's osmotic reflection coefficient ( solute,pore ) which may be calculated using the following formulas (Rippe &Levin, 2000) : 
where: D solute represents the free solute diffusion coefficient, 0 A x  is the unrestricted (nominal) pore area over unit diffusion distance, A/A 0 is the restriction factor for diffusion defined as the ratio of the effective surface pore area over unrestricted (nominal) pore area, and  = solute radius/pore radius.
Parameter estimation: Problems and pitfalls
The three-pore model is more complicated than the membrane model and it is not possible to find analytical or integrated solutions and to estimate parameter values using linear regression. Therefore the model has to be solved numerically using a computer software with ODE (ordinary differential equation) solver (e.g. Matlab, Berkeley-Madonna or JSim) and with some parameter estimation techniques (Freida et al., 2007; Galach et al., 2009; Galach et al., 2010) . For example, in Matlab the estimation of parameters may be done using function fminsearch (Nelder-Mead type simplex search method) with the aim to minimize the difference between numerical predictions and clinical data (usually, absolute difference or the squared difference). Therefore, the aim is to find the global minimum of the error function, and, thus, the values of parameters that describe the predicted curves as close to the clinical data as possible (Freida et al., 2007; Galach et al., 2009; Galach et al., 2010) . It should however be noted that, with the increasing number of estimated parameters or decreasing number of data points, the chance that not global but local minimum is attained is growing (Juillet et al., 2009 ). The results are often strongly dependent on starting values of the fitted parameters (in particular on their difference from those that describe the global minimum (Juillet et al., 2009) ), see an example in Section 3.3. To deal with these problems, one can lower the number of fitted parameters using the sensitivity analysis to find parameters with the highest influence on numerical results, and use not one but many initial sets of parameter values to check parameter space extensively, avoid local minima and hit the global minimum. Additionally, to avoid calculation problems when fitted parameters have different order of magnitude (i.e. in chosen set of parameters there are very small as well as large values), it is to be preferred to fit not the parameter itself but its multiplier:
where Par fitted is the sought value of the parameter, Par initial is a basal value of the parameter and x is the fitted coefficient. Then all fitted coefficients (x) have a similar order of magnitude. Another important issue is an appropriate selection of parameters set, because it is often possible to obtain similar predictions with much different sets of fitted parameters (see an example in Section 3.3). Therefore, any final conclusions should be drawn with the utmost caution.
Parameter estimation: An example
Clinical data of patients on six hour peritoneal dialysis dwell with glucose 3.86% solution (Karolinska Institutet, Stockholm, Sweden) were used to estimate the parameters of the three-pore model. More detailed description of the clinical data can be found in (Galach et al., 2010 
where
, 'exp' stands for clinical data, and 'sim' stands for simulation results. The chosen f min function depends, of course, on dialysate volume and on glucose, urea and sodium as a representative of small solutes: glucose is an osmotic agent, urea is a marker of uremia, and sodium is a solute for which the so-called "sodium dip" (indicating sodium sieving as water passes the ultra-small pores) is observed during the peritoneal dwell. The influence of the other substances is taken into account only through their impact on dialysate volume. Six parameters were estimated by fitting the three-pore model to clinical data: LpS (membrane UF-coefficient), L (peritoneal lymph flow), PS (permeability surface area coefficient) for glucose, sodium and urea and, alternatively, r small (small pore radius, Set 1), or  small (the part of L p S accounted for the small pores, Eqn (16), Set 2), see Table 1 . Other parameters were calculated from the estimated ones or their values were assumed based on previous investigations (Rippe &Levin, 2000) , of parameters that describe the three pore structure of the transport barrier used in estimation procedure is the choice between two different hypotheses about the variation of this structure among patients. The first hypothesis (Set 1) is based on the assumption that the radius of the small pore may vary from patient to patient but the fractional contribution of these pores to the hydraulic permeability,  small , is the same in all patients. The other alternative with  small varying between patients but the size of small pores being the same is investigated when Set 2 is selected. In general, both parameters may be expected to vary among patients, and, moreover, a similar variability may be considered for the remaining types of pores (large and ultrasmall). However, one cannot estimate all the parameters from the limited data and therefore, based on the previous experience with the model, the values of some of them need to be selected before the estimation procedure starts. The impact of the assumptions on the large pores on the simulations is less than those on the small pores. Thus, it was assumed that the radii of large and ultrasmall pores as well as the percentage input of large pores to the hydraulic permeability were constant. Note that the fraction of ultrasmall pores was related to the fraction of small and large pores by the condition that the sum of all coefficients  should be one.
It may happen that each single run of the fitting procedure (fminsearch function) for different starting parameter values yields different final sets of parameters and also different predictions for the simulated curves (Figure 6 ), which not necessarily are good approximations of the clinical data ( Figure 6 , right middle panel). It is also worth to mention that, usually, the fitting procedure is not sensitive to single data errors and may yield a smooth curve based on the other points ( Figure 6 , left panels). As in the previous studies (Galach et al., 2009; Waniewski et al., 2008) , the results of the simulations and estimations show that the three-pore model with fitted parameters is capable of reproducing clinical data concerning peritoneal dialysis with glucose solution rather well (Figures 6-9 ), but the parameter values are substantially different for different patients (Tables 2-3) .
Parameters
Initial 2 Table 2 . Values of estimated parameter for patient No 1; Estimation procedure: data concerning initial 2 hours of the dwell and Set 1 of the estimated parameters (Table 1) , data concerning the whole dwell and Set 1 of the estimated parameters, data concerning the whole dwell and Set 2 of the estimated parameters The assumption that the parameter values are constant during the whole dwell is only a simplification (Imholz et al., 1994; Krediet et al., 2000; Stachowska-Pietka et al., 2010; Waniewski et al., 1996a Waniewski et al., , 1996d . The transport processes occurring during the first part of dialysis dwell are much more rapid than in the later part, and therefore the parameters estimated using data from the first part of the dwell only may not be correct for the whole dwell ( Figure 6) ; thus, the values of parameters estimated from the partial data and the whole set of data may differ (Figures 7-8 , Table 2 ). It is also worth noting that the selection of the assumptions, and consequently selection of the proper set of parameters for estimation procedure, is of high importance and has influence on all fitted parameters values and simulation results (Figure 9, Tables 2 and 3) . The results of the simulations for different sets of estimated parameters may all give a good approximation of clinical data (Figure 9 , results of the simulations for Set 1 and 2), however the fitted parameter values in these sets are different (Tables 3). But it may vary according to the patient. For example: for the patient No 1 the differences between fitted values of the parameters for Set 1 and 2 do not exceed 30% ( Figure 8 , Table 2 ), whereas for the patient No 3 the differences for 2 parameters were greater than 60% and for one parameter even than 100% ( Figure 9 , Table 3 ). Thus it is always very important to compare parameters fitted with the same assumptions or to discuss the differences in assumed hypotheses.
Dwell 6 Table 3 . Values of estimated parameter for patient No 3 using data for whole dwell with two sets of the estimated parameters (Table 1) .
Conclusions
Peritoneal dialysis is an interesting and important area for mathematical modeling. In fact peritoneal dialysis treatment as we know it today is the result of kinetic modeling leading to the concept of continuous ambulatory peritoneal dialysis. The first mathematical models describing peritoneal dialysis were based on a simple idea of a semipermeable peritoneal barrier between blood and dialysate allowing solute and fluid transport characterized by the so-called transport parameters (Imholz et al., 1994; Krediet et al., 2000; Waniewski et al., 1995; Waniewski, 1999) . Such models were -and still are -useful in evaluation of peritoneal dwell studies and their various versions have been widely applied especially for analysis of solute transport Pannekeet et al., 1995; Smit et al., 2005; Waniewski et al., 1991 Waniewski et al., , 1992 . Despite the fact that they were used to demonstrate and interpret new transport phenomena, many questions concerning the mechanisms for the transport process could not be answered using this simple mathematical modeling because, although such models can be well fitted to the data and used to estimate transport parameters separately for fluid and each solute, however they cannot reliably predict the results of dialysis session and indicate the relationship between the parameters for different solutes and fluid. Therefore, another type of model, with additional and more physiological assumptions about the structure of the peritoneal membrane, was proposed (Rippe &Haraldsson, 1987; Rippe et al., 1991a; Rippe &Haraldsson, 1994 ). The pore model derived the description and relationships between the transport parameters from the solute size and the structure of the transport barrier (size of pores, number of pores etc.). The mentioned models of peritoneal transport were included into practical methods and computer programs for the evaluation of the efficacy and adequacy of peritoneal dialysis (Haraldsson, 2001; Van Biesen et al., 2003; Van Biesen et al., 2006; Vonesh et al., 1991; Vonesh &Keshaviah, 1997; Vonesh et al., 1999) . In this chapter these two most popular models describing peritoneal transport of fluid and solutes were presented and compared as regards their basic ideas and aims as well as their applicability. The membrane model provides a simple relationship between the rates of fluid and solute flows and their respective driving forces, whereas the three-pore model gives a quantitative relationship between the transport coefficients for various solutes and between fluid and solute transport coefficients. Additionally, the parameters estimation techniques and the possible problems with parameter estimation were discussed.
